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Abstract
The atoms trapped in microcavities and interacting through the exchange of virtual photons
can be modeled as an anisotropic Heisenberg spin-1/2 lattice. We study the dynamics of the
geometric phase of this system under the linear quenching process of laser field detuning which
shows the XX criticality of the geometric phase in presence of single Rabi frequency oscillation.
We also study the quantum criticality for different quenching rate in the presence of single or two
Rabi frequencies oscillation in the system.
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Introduction: The recent experimental success in engineering strong interaction
between the photons and atoms in high quality micro-cavities opens up the possibility to
use light matter system as quantum simulators for many body physics [1-16]. The authors
of Ref. ([2]),([3]) and ([4]) have shown that effective spin lattice can be generated with
individual atom in the micro-cavities that are coupled to each other via exchange of virtual
photons. The two states of spin polarization are represented by the two long lived atomic
levels in the system.
A Many body Hamiltonians can be created and probed in coupled cavity arrays. In
our previous study, we have explained explicitly the basic physics of the formation of
micro-optical cavity [4]. The atoms in the cavity are used for detection and also for
generation of interaction between photons in the same cavity. As the distance between the
adjacent cavities is considerably larger than the optical wave length of the resonant mode,
individual cavities can be addressed. This artificial system can act as a quantum simulator.
In this optical cavities system one can find different quantum phases of polariton ( a
combined excitations of atom-photon interactions. ) by using the spin model that conserve
the total number of excitations. This micro-cavity system shows the different quantum
phases and quantum phase transitions.
Quantum Phase Transition (QPT) associate with the fundamental changes that occurs in
the macroscopic nature of the matter at zero temperature due to the variation of some
external parameter. The quantum phase transitions are characterized by the drastic change
in the ground state properties of the system driven by the quantum fluctuations [17].
Motivation of this research paper:
To the best of our knowledge, here we not only study the dynamics of geometric phase but
also solve the nature of criticality explicitly under laser field detuning quenching process
for different quenching rate which is absent in the previous literature of cavity QED [1-16].
Here we mention very briefly the essence of the geometric phase in the condensed matter.
The geometric phases have been associated with a variety of condensed matter phenomena
[18–21] since its inception [22]. Besides, various theoretical investigations, the geometric
phases have been experimentally tested in various cases, e.g. with photons [23–25], with
neutrons [26, 27] and with atoms [28]. The quantum state engineering of cavity QED is
in the state of art due to the rapid experimental/technological progress of the subject.
We hope that the theoretical scheme which we propose for the laser field detuning induce
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quenching process in the dynamics of geometric phase will be predicted by the experimental
group based on photon.
The generation of the geometric phase (GP) is a witness of a singular point in the energy
spectrum that arises in all non-trivial geometric evolutions. In this respect, the connection
of the geometric phase with quantum phase transition (QPT) has been explored very
recently [29–32]. The geometric phase can be used as a tool to probe QPT in many
body systems. Since response times typically diverge in the vicinity of the critical point,
sweeping through the phase transition with a finite velocity leads to a breakdown of
adiabatic condition and generate interesting dynamical (non-equilibrium ) effects. In the
case of thermal phase transitions, the Kibble-Zurek (KZ) mechanism [34, 35] explains the
formation of defects via rapid cooling. This idea of defect formation in second order phase
transition has been extended to zero temperature QPT [36, 37] by studying the spin models
under linear quench. We will use this concept in the present study.
The micro-cavities of a photonic crystal are coupled through the exchange of photons.
Each cavity consists of one atom with three levels in the energy spectrum, two of them
are long lived and represent two spin states of the system and the other represent excited
states Ref. [2–4]). Externally applied laser and cavity modes couple to each atom of the
cavity. It may induce the Raman transition between these two long lived energy levels.
Under a suitable detuning between the laser and the cavity modes, virtual photons are
created in the cavity which mediate interactions with another atom in a neighboring
cavity. One can eliminate the excited states by choosing the appropriate detuning
between the applied laser and cavity modes. Then one can achieve only two states per
atom in the long lived state and the system can be described by a spin-1/2 Hamiltonian [2–4].
The Hamiltonian of our present study consists of three parts:
H = HA + HC + HAC (1)
Hamiltonians are the following
HA =
N∑
j=1
ωe|ej >< ej | + ωab|bj >< bj | (2)
where j is the cavity index. ωab and ωe are the energies of the state |b > and the excited
state respectively. The energy level of state |a > is set as zero. |a > and |b > are the two
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stable state of a atom in the cavity and |e > is the excited state of that atom in the same
cavity. The following Hamiltonian describes the photons in the cavity,
HC = ωC
N∑
j=1
cj
†cj + JC
N∑
j=1
(cj
†cj+1 + h.c), (3)
where cj
†(cj) is the photon creation(annihilation) operator for the photon field in the j’th
cavity, ωC is the energy of photons and JC is the tunneling rate of photons between neigh-
boring cavities. The interaction between the atoms and photons and also by the driving
lasers are described by
HAC =
N∑
j=1
[(
Ωa
2
e−iωat + gaaj)|ej >< aj |+ h.c] + [a↔ b]. (4)
Here ga and gb are the couplings of the cavity mode for the transition from the energy states
|a > and |b > to the excited state. Ωa and Ωb are the Rabi frequencies of the lasers with
frequencies ωa and ωb respectively.
The authors of Ref. [2–4] have derived an effective spin model by considering the following
physical processes: A virtual process regarding emission and absorption of photons between
the two stable states of neighboring cavity yields the resulting effective Hamiltonian as
Hxy =
N∑
j=1
Bσj
z +
N∑
j=1
(
J1
2
σj
†σj+1
− +
J2
2
σj
−σj+1
− + h.c) (5)
When J2 is real then this Hamiltonian reduces to the XY model. Where σj
z = |bj ><
bj | − |aj >< aj |, σj
+ = |bj >< aj |, σj
− = |aj >< bj | .
Hxy =
N∑
i=1
(Bσi
z + J1(σi
xσi+1
x + σi
yσi+1
y)
+J2(σi
xσi+1
x − σi
yσi+1
y))
=
N∑
i=1
B(σi
z + Jxσi
xσi+1
x + Jyσi
yσi+1
y). (6)
With Jx = (J1 + J2) and Jy = (J1 − J2).
We follow the references [2, 38] to present the analytical expression for the different physical
parameters of the system.
B =
δ1
2
− β (7)
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FIG. 1: Color online, variation of geometric phase with time for different quenching time for
k = pi/3. The anisotropy parameter (α = 1, transverse Ising model) for the dash curves and inset
for α = 0 (isotropic XX spin model).
β =
1
2
[
|Ωb|
2
4∆b
(∆b −
|Ωb|
2
4∆b
−
|Ωb|
2
4(∆a −∆b)
− γbgb
2 − γ1ga
2 + γ1
2ga
4
∆b
− (a↔ b)] (8)
J1 =
γ2
4
(
|Ωa|
2gb
2
∆a
2 +
|Ωb|
2ga
2
∆b
2 ) (9)
J2 =
γ2
2
(
ΩaΩbgagb
∆a∆b
). (10)
Where γa,b =
1
N
∑
k
1
ωa,b−ωk
γ1 =
1
N
∑
k
1
(ωa+ωb)/2−ωk
and γ2 =
1
N
∑
k
eik
(ωa+ωb)/2−ωk
δ1 = ωab − (ωa − ωb)/2, ∆a = ωe − ωa. ∆b = ωe − ωa − (ωab − δ1). δa
k = ωe − ωk,
δb
k = ωe − ωk − (ωab − δ1), ga and gb are the couplings of respective transition to the cavity
mode, Ωa and Ωb are the Rabi frequency of laser with frequency ωa and ωb.
Model Hamiltonian and Quantum Phases: We express our model Hamiltonian in
a more explicit way as
H =
∑
n
[(1 + α) SxnS
x
n+1 + (1− α) S
y
nS
y
n+1 +B
∑
n
Szn (11)
where Sαn are the spin-1/2 operators. We assume that the XY anisotropy 0 < α ≤ 1 and
magnetic field strength is h ≥ 0. The parameters correspondence between the micro cavities
and spin chain are the following: J1 = 1 and J2 = α.
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FIG. 2: Color online, variation of the geometric phase with time for three different quenching time
for k = pi/3. The solid curve is for the α = 0.2 and dashed curve is for α = 0.8.
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FIG. 3: Color online, variation of geometric phase with time for the quenching time τq = 1000 for
different anisotropy in exchange couplings for k = pi/3. The all curves are meeting in the point at
t = τq.
Geometric Phase and Criticality: Here, we calculate the geometric phase and its dynamics
under the quenching of magnetic field. In this model, the geometric phase of the ground
state is evaluated by applying a rotation of φ around the z-axis in a closed circuit to each
spin [29, 40]. A new set of Hamiltonians Hφ is constructed from the Hamiltonian (H) as
Hφ = U(φ) H U
†(φ) (12)
where U(φ) =
∏+M
j=−M exp(iφσ
z
j /2) and σ
z
j is the z component of the standard Pauli matrix
at site j. Here M is the integer which relates with the lattice site numbers by the following
relation 2M + 1 = N . In our atom-cavity system, the rotation of laser field around the
6
z-axis is equivalent to the rotation of the quantum spin system around the z-axis. The
family of Hamiltonians generated by varying φ has the same energy spectrum as the initial
Hamiltonian and H(φ) is pi-periodic in φ. The ground state |g > of the system is expressed
as
|g >=
∏
k>0
(cos
θk
2
|0 >k |0 >−k −i exp(2iφ) sin
θk
2
|1 >k |1 >−k) (13)
where |0 >k and |1 >k are the vacuum and single fermionic excitation of the k-th momentum
mode respectively. The angle θk is given by
cos θk =
cos k −B
Λk
(14)
and Λk =
√
(cos k −B)2 + α2 sin2 k is the energy gap above the ground state. The ground
state is a direct product of N spins, each lying in the two-dimensional Hilbert space
spanned by |0 >k |0 >−k and |1 >k |1 >−k. For each value of k, the state in each of the two
dimensional Hilbert space can be represented as a Bloch vector with coordinates (2φ, θk).
In our previous study [4, 33] we have shown explicitly the derivation of geometric phase for
this problem.
Γk = pi(1− cos θk) (15)
The total geometric phase of the state |g > is given by Γg =
∑
k Γk . For an adiabatic
evolution, if the initial state is an eigenstate, the evolved state remains in the eigenstate. Now
we derive the instantaneous geometric phases of this system due to a gradually decreasing
magnetic field, i.e., the quenching field.
B(t < 0) = −
t
τq
(16)
B(t), driving the transition, is assumed to be linear with an adjustable time parameter
τq (1/τq is the quenching rate). The system be initially at time t(< 0) << τq such that
B(t) >> 1, in our parameter space of cavity arrays system, δ1(t) >> [
|Ωb|
2
4∆b
(∆b −
|Ωb|
2
4∆b
−
|Ωb|
2
4(∆a−∆b)
−γbgb2−γ1ga2+γ12
ga4
∆b
− (a↔ b)]. Here we consider the quenching of the magnetic
field by considering quenching the detuning field δ1.
The instantaneous ground state at any instant t is given by
|ψ0(t) >=
∏
k
(cos
θk(t)
2
|0 >k |0 >−k −i exp(2iφ) sin
θk(t)
2
|1 >k |1 >−k) (17)
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We now use eqn. (14) and (13) to derive the geometric phase of the kth mode which yields
Γk(t) = pi

1− cos k +
t
τq√
(cos k + t
τq
)2 + α2 sin2 k

 (18)
The geometric phase for an isotropic system with α = 0 and transverse Ising model with
α = 1 may now be easily obtained.
For α = 0, Γk(t) = 2piΘ(|t| − τq)
and for α = 1, Γk(t) = pi

1−
cos k + t
τq√
1 + t
2
τ2q
+ 2 t
τq
cos k

 (19)
For α = 0, one of the Rabi frequencies, either (Ωa) or (Ωb) is zero. For α = 1, where both
of Rabi frequencies are non zero. Finally, at t = 0, when the magnetic field is gradually
turned off, the situation is a bit different. The configuration of the final state will depend
on the number of kinks generated in the system due to phase transition at or near t = −τq
and as such it will depend on the quench time τq [35]. The number of kinks is the number
of quasi-particles excited at B = 0 ( in our parameter space of micro-cavities, δ1/2 = β,
and the quasiparticle excitation is the excitation of polariton) and is given by N =
∑
kpk
where pk is the excitation probability (for the slow transition) and is given by the Landau
Zener formula [41] pk ≈ exp (−2piτqk2). As different pairs of quasi-particles (k,−k) evolve
independently for large values of τq, it is likely that only one pair of quasi-particles with
momenta (k0,−k0) will be excited. Where k0(=
pi
N
) corresponds to the minimum value of
the energy Λk. Thus the condition for adiabatic transition in a finite chain is given by
τq >>
N2
2pi3
. Hence, well in the adiabatic regime, the final state at t = 0 is given by
|ψfinal > = |1 >k0 |0 >−k0∏
k,k 6=±k0
(cos
θk
2
|0 >k |0 >−k
−i exp(2iφ) sin
θk
2
|1 >k |1 >−k) (20)
This state is similar to the direct product of onlyN−1 spins oriented along (2φ, θk) where the
state of the spin corresponding to momentum k0 does not contribute to the geometric phase.
The total geometric phase of this state is given by Γfinal(t = 0) =
∑
k,k 6=±k0 pi(1−cos θk). For
isotropic, α = 0 and for quantum spin chain system, geometric phase shows a sharp drop
and finally become zero at t = τq (see the inset of the Fig. 1) for this case optical cavity
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FIG. 4: Color online, variation of the geometric phase with time for two different quenching time,
τq = 100, 10, 000 for four different anisotropy parameters α = 0.2, 0.5, 0.8, 1.0 for the blue, cyan,
red, green respectively. Here k = pi/3.
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FIG. 5: Color online, this three dimensional figures shows the variation of first order derivative
of geometric phase with time, with the anisotropy exchange parameter and time. Its shows the
existence of XX criticality (α = 0 ).
array system has only single Rabi frequency oscillation. In our study, we set the energy scale
J1 = 1, that leads to the following relations in the Rabi-frequencies, laser frequencies and
coupling strengths in the following way, 4
γ2
= ( |Ωa|
2gb
2
∆a2
+ |Ωb|
2ga2
∆b
2 ). We achieve the isotropic
HXX Hamiltonian, either Ωa or Ωb is zero. For Ωa = 0, the reduce analytical expression
for the magnetic field and J1 exchange are B =
δ1
2
− 1
2
[ |Ωb|
2
4∆b
(∆b −
|Ωb|
2
4∆b
− |Ωb|
2
4(∆a−∆b)
− γbgb2 −
γ1ga
2 + γ1
2 ga4
∆b
]. and J1 =
γ2
4
( |Ωb|
2ga2
∆b
2 ) respectively. For Ωb = 0, the analytical expression for
B and J1 can be obtained from Eq. (7) and Eq. (8) by putting Ωb = 0.
For α = 1, the spin chain is in a transverse magnetic field. One can achieve this limit by
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adjusting the detuning field, Rabi frequencies and the coupling strengths. For this limit, the
analytical expression between the Rabi frequency and coupling strength is ∆b =
γ2ΩaΩbgagb
2∆a
,
two Rabi frequency oscialltion exist for this case. The analytical expression for effective
magnetic filed and the J1 coupling can be obtained by substituting the analytical expression
of ∆b in Eq (7) and Eq. (8). The dynamics of the geometric phase shows no sharp drop
of the geometric phase through out the quenching period. The dynamics of the geometric
phase under quenching is different for isotropic quantum spin chain system (HXX). Inset
of the Fig. 1 shows the dynamics of geometric phase for HXX model. We will also observe
that the first order derivative of the geometric phase also behave differently for these two
limit of our model Hamiltonian. Therefore it is very clear from this study that the presence
of single Rabi frequency and two Rabi frequency oscillation in the system of cavity QED
changes the dynamics of geometric phase differently.
In Fig. 2, we present the study of the geometric phase for different values of anisotropy
exchange interactions α = 0.2, 0.8 and for three different quenching times τq = 250, 500, 1000,
which can be achieved by manipulating two Rabi frequencies Ωa and Ωb. It reveals from
our study that the qualitative behavior of the geometric phase is same but for the lower
value of exchange anisotropy decaying rate is higher than for the higher values of exchange
anisotropy. The geometric phase for different anisotropic exchange parameters crosses at
the point t = τq for the same τq. This common crossing point is nothing but the quantum
critical point for the system at B = 1 for the same τq. This has shown explicitly in Fig. 5
of this study.
Apart from that the geometric phase for lower value of α also crosses the geometric phases
of other τq but at the time lower than τq. Therefore it is clear from this study due to the
smaller values of Rabi frequencies (Ωa or Ωb) decaying rate of geometric phase is sharper
compare to the larger values of Rabi frequencies. The same physics can also be obtained
by regulating ∆a and ∆b. It is very clear from the analytical expression of Eq. 14 and Eq.
15 that the dynamics of geometric phase depends on the magnetic field (time dependent
quenching field) and the exchange anisotropy, therefore for a fixed τq the common meeting
point of the geometric phase occurs at the quenching time.
In Fig.3, we study the effect of different exchange interactions for τq = 1000. We observe
that the all geometric phases crosses at the point t = τq. It reveals from this study that
for a fixed quenching rate, the different exchange anisotropy (the presence of different Rabi
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frequencies oscillation) has no effect to change the common crossing point of the geometric
phase.
In our study, 1/τq, is the quenching rate for smaller values of τq is larger and smaller for
higher values of τq. In Fig. 4 shows the dynamical evalution of geometric phase for higher and
lower quenching rate. It appears from our study that for higher quenching rate (τq = 100)
all curves for different anisotropy. For lower quenching rate is smaller for this case there is
no collapse of the dynamical behaviour of the geometric phase.
In Fig. 4, we study the effect of slower and rapid quenching rate on the dynamical behaviour
of geometric phase. It appears from our study that for higher quenching rate (τq = 100) all
curves for different anisotropy merge into a single line as if the exchange anisotropy,i.e., the
different values of two Rabi frequency oscillations has no effect on the dynamical behaviour
of the geometric phase. The dynamical behaviour of the geometric phase for lower quenching
rate (τq = 10, 000) is the same as that of τq = 1000. The crossing point of the geometric
phase at B = 1 for a fixed τq is the same for all quenching rate.
To study the criticality of the geometric phase, we study the variation of the geometric phase
(Γk) and its derivative with respect to the quench induced magnetic filed (B) i.e. (
dΓk
dB
) with
time. We find the non-analytic behavior of the derivative at t = τq. The analytical expression
for the derivative is
dΓk(t)
dB
=
piα2sin2(k)
((cos(k) + t/τq)
2 + α2sin2(k))
3/2
(21)
Fig. 5, shows the total variation of dΓk(t)
dB
. The non-analytical behavior for α = 0 at t = −τq
helps us to predict XX criticality under the linear quenching process. The analysis with
different values of τq shows that the appearance of XX criticality is independent of τq, i.e.,
independent of fast and slow quenching rates. Therefore, it is clear from our study that
the quantum criticality of the geometric phase only obtain in the presence of single Rabi
frequency oscillation in the system.
Conclusions: We have studied the quantum criticality of the geometric phase for
optical cavity arrays. We have predicted XX criticality of the geometric phase,
which is independent of the quenching rate. We present the result for the dynam-
ics of geometric phase for different quenching rate. The presence of two Rabi fre-
quencies oscillation wash out the quantum critical behavior of the geometric phase.
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